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Abstract 
Tolerances of components can accumulate to result in quality variations when these components are assembled. One way to reduce the 
assembled variation is to tighten tolerance specifications of each component that, however, increases product cost. This paper investigates the 
effect of grouping for components with uniform and normal distributions by the developed “grouped random assembly” method. It is a method 
that first sorts and divides components into several groups and then assemble each group with corresponding group in order to reducing 
assembly tolerance. Distribution of resultant dimension based on the “grouped random assembly” approach is then analyzed. The results 
showed that, without changing components’ tolerance specifications, assembly tolerance depends on the number of grouping. Tolerance stack-
up can be dramatically reduced with a suitable grouping strategy. The merit of this research is to develop a theoretical foundation for the 
grouped random assembly method. The results lead to a design for assembly strategy that assembly tolerance can be effectively reduced 
without tightening components’ tolerances. 
© 2015 The Authors. Published by Elsevier B.V. 
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1. Introduction 
Nomenclature 
A         radius of  
B         position of 
C         further nomenclature continues down the page inside 
the text box 
Tolerancing is one of the most fundamental industrial 
technologies and has been commonly used as an index to 
reflect product quality and manufacturing cost. Tolerances of 
components are accumulated, i.e. tolerance stack-up, in the 
assembly of a product [1-5]. Therefore, the analysis of 
tolerance stack-up must be conducted in product and process 
design, in particular for precision assembly. A critical issue in 
designing a product with high precision is how to assembly 
components to meet design requirement, or tolerance target. A 
more difficult issue is how to reduce the assembly tolerance to 
meet the design target while keeps manufacturing cost in good 
competition.  
There are different approaches tried to reduce the stack-up 
of tolerances during the assembly. A straightforward approach 
is to tighten the tolerance specification of each component so 
that stacked tolerance is reduced. This approach, however, is 
not commonly employed as the manufacturing cost of each 
component increases when the associated tolerance becomes 
tight. Another approach is to control the tolerances of certain 
components and select proper one to compensate the 
accumulated tolerance in the assembly. This selective 
assembly approach, though drew lots of researches, is not 
practical to implement for statistical tolerancing control in the 
product assembly process for mass production [6-8]. In 
engineering practice, some companies tried to sort the 
component in each component sets and then assembly a 
component from one set with a corresponding component 
from the other set. This practice, tough reduced tolerance 
stack-up, is similar to the selective assembly thus is still costly 
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as it requires a large storage buffer to temperately store the 
sorted components.  
This paper is aimed to investigate the effect of grouping on 
the reduction of tolerance stack-up for the grouped random 
assembly method in mass production. Tolerance analysis 
based on current engineering practice is first introduced. 
Distribution of the assembly of components with uniform 
distributions is investigated. The “grouped random assembly” 
method is then discussed and the accumulated tolerances for 
different number of groups are further investigated followed 
by the conclusion. 
2. Analysis of tolerance stack-up for random assembly 
The accumulated tolerance, or tolerance stack-up, of an 
assembly can be computed by either the worst-case analysis 
or the statistical analysis. For mass production, statistical 
tolerancing is more practical as components tolerance is 
considered as a statistical distribution but not only the extreme 
values. There have been extensive researches on the 
representation and computation of statistical tolerancing such 
as Nigam & Turner [9], and Tsai & Kou [10]. For linear 
tolerance stack-up, the most commonly used computation is 
the root sum square (RSS) method as shown in equations (1). 
This computation implies that assembly tolerance always 
increases as tolerances of components are stacked up when 










As an example, two sets of components A and B are to be 
assembled as shown in Fig. 1. Assume the dimensions of the 
two sets of components are in the form of uniform 
distributions. The upper and the lower limits of component set 
A and B are UA, LA and UB, LB respectively. The assembly 
tolerance is computed by the RSS method as shown in 
equation (1).  




Fig. 1: Example of assembly of two components from components A and B. 
As an example to illustrate the tolerance stack-up in 
assembly, take the dimension and tolerance specifications of 
component sets A and B in Fig. 1 being 50±0.3mm and 
30±0.2mm respectively. Assume the dimensions of both 
component sets are uniform distributions, the resultant 
distribution after random assembly is shown in Fig. 2 where 
the upper and the lower limits are 80.5 and 79.5 though the 
probability is almost none. It turns that a better approach must 
be investigated if the assembly tolerance is out of the design 
specification. 
 
Fig. 2: The resultant distribution after random assembly of two uniformly 
distributed component sets 50±0.3mm and 30±0.2mm. 
3. Tolerance analysis of the grouped random assembly 
method 
The “grouped random assembly” is an approach that first 
sorts and then divides each component set into several groups. 
Each group in one set is then assembles with the 
corresponding group in another set randomly. Taking the 
example shown in Fig. 1 that two component sets A and B are 
to be assembled together. Components of set A are sorted and 
divided into n groups as SubA1, SubA2, …, and SubAn based on 
its dimension and tolerancing. Components of set B are sorted 
and divided in the same way into n groups as SubB1, SubB2, …, 
and SubBn. When the two sets of component A and B, with 
mean dimensions PA and PB, are assembled, a component Ai 
in the group with large dimension SubA1 is assembled with a 
component Bj randomly selected from the corresponding 
dimension group SubBn of set B as shown in Fig. 3. The 
resultant dimension of Ai+Bj thus close to the mean dimension 
of the two set PA+PB. Tolerance stack-up of the two groups is 






R LULUT   (3) 
by statistical tolerancing. Compared with the tolerance 
stack-up estimated by equation (2), the resultant assembly 
tolerance of the two groups is apparently reduced. This results 
in smaller assembly tolerance compared to that Ai assembled 
with other component randomly selected from set B. As a 
result, the assembly tolerance is reduced.  
 
Fig. 3: Sketch of the grouped random assembly method 
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To illustrate the reduction of assembly tolerance, assume 
the upper and the lower dimension limits of component sets A 
and B are UA, LA and UB, LB respectively and are uniformly 
distributed. The original assembly tolerance without grouping 
is computed by the RSS method as shown in equation (2). 
When the two sets of components are divided into n groups, 
the group interval dA of component set A depends on the 
number of grouping n and the tolerance of the component set 
UA-LA. That is, 
dA = (UA-LA)/n. (4) 
Similarly,  
dB = (UB-LB)/n. (5) 
Refer to Fig. 3, the upper limit UAj of the jth group SubAj of 
set A is equal to the lower limit LAj-1 of the (j-1)th  group 
SubAj-1. While its lower limit LAj equals to the upper limit 
UAj+1 of the (j+1)th group UAj+1. A component Ai from group i 
of set A, i.e. SubAi, is assembled with a component Bj from 
the corresponding group SubBn-(i-1) of set B. Even at the worst 
case, the interval after randomly assembly of the two groups 
is 
( 1) ( 1)( ) ( )
A A B B
i i i n i n id U L U L        (6) 
Similarly, the group interval of components of its 
neighborhood group SubAi+1 randomly assembled with the 
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It turns that there is an overlap between the two 
neighborhood groups after assembly. The overlap, defined as 
coverage, Covi is represented as  
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As a result, the assembly tolerance, in the worst case, using 
the grouped random assembly can be derived as the following 
equation which is less than the original tolerance stack-up. 
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In the case of statistical tolerancing, the resultant tolerance 
TR after assembly are derived as the following equations.  
2 2
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 (10) 
The reduction ratio of assembly tolerance thus can be 
derived as shown in equation (11). The result shows that the 
reduction ratio is dependent with the number of grouping n. 
The result shows that the reduction ratio can reach up to 96% 
in the case that the tolerances of the two component sets A 
and B are equal. The effect of number of grouping is saturated 
when n>10 in that case. That reveals the effective number of 
grouping depends on the difference of tolerances of the two 
component sets. The effect of number of grouping on the 
reduction ratio is reduced dramatically when the difference of 




In the case of component sets with normally distributed 
dimensions, tolerance stack-up of the assembly can be 
analyzed in a similar way.  The resultant tolerance, however, 
is reduced even more as the dimension distribution is closer to 
the average than that with uniform distribution 
4. A case study 
In this section, the example in Fig. 1 is used to illustrate the 
effect of tolerance reduction for different number of grouping. 
The dimension and tolerance specifications of component sets 
A and B are 50±0.3mm and 30±0.2mm respectively in the 
example.  
10,000 components in uniform distribution with the above 
dimension and tolerance specifications are first generated for 
each component set. Components of the two sets are sorted 
and divided into 2, 4, and 10 groups in the study. A 
component randomly selected from a group in set A is 
assembled with a component randomly selected from 
corresponding group in set B. The resultant tolerance is 
recorded and the process is repeated until all components are 
assembled. This simulation is conducted 10 billion times to 
obtain samples. The results are normalized and plotted as 
shown in Fig. 4 where the distribution after assembly with 
number of grouping 2, 4 and 10, as compared to the result  
without grouping (n=1). 
 
Fig. 4: The resultant distribution after “grouped random assembly” of two 
component sets with uniformly distributed dimensions 50±0.3mm and 
30±0.2mm by different numbers of grouping. 
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4. Conclusions 
While tightening components’ tolerances is often 
considered for reducing assembly tolerance, this paper 
investigates tolerance reduction using the “grouped random 
assembly” method. The results showed that assembly 
tolerance can be highly reduced with suitable number of 
grouping when the tolerances of the two component sets are 
close. The reduction ratio can reach up to 96% in the case that 
the tolerances of the two component sets are equal. The effect 
of number of grouping decreases when the difference of 
tolerances of the component sets increases. The merit of this 
research is to develop a theoretical foundation for the grouped 
random assembly method. The results lead to a design for 
assembly strategy that assembly tolerance can be effectively 
reduced without tightening components’ tolerances.  
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